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SUMMARY

An analysisispresentedforthePOSitionsofparticlesatvarious
timeintervalsina three-dlmensioualincompressiblelaminarboundary
layeron a flatsurfaceformainflowsconsistingof streamlinetranslates
havingconstantaxialvelocity.Boundary-layerparticlesinitiallyar-
rayedona linenormaltothesurfacetraceouttwistedsurfacesas they

+ progressdownstream.Tablesarepresentedforcomputiggthecurvesformed
A by theinstantaneouspositionsofthepsrticlesatvarioustimeintervals
u formain-flowstreamlinesthatcanbe approximatedby third-order

polynomials..

Forviscous-flowproblemswhereit is importantto knowthelength
. oftimea particleremainsneara boundingsurface,thetablesfacilitate

rapidcomputationoftheresidencetimesofboundary-layerparticlesfor
a givenflow

Results

configuration.

INTRODUCTION

obtainedintheexperimentalinvestigationsof secondary
flowsinturbomachines(refs.l-to3) indicatethatinformationconcerning
three-dimensionallaminarboundary-layerbehaviorcanbe of practical
valuein interpretingandcorrelatingmeasurementsoflossesintheturbo-
machinesfordesi~ purposes.Reference4 givesa theoreticalanalysis
oftheoverturning(morethanmainstreamturning)ofthethree-dimensional
laminarboundarylayerdevelopedonflatornearlyflatsurfaces,under
mainstreamflowswhichconsistof streamlinetranslates”(i.e.,theentire
streamlinepatterncanbe obtainedby translatinganyparticularstream-.
lineparalleltotheleadingedge,fig.1)withconstantaxialvelocity
component.Forsuchtwo-dimensionalmainstreamflows,def~edby

U = U. (aconstant) ‘(la)
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(lb)

Theorientationofthecoordinateaxesisdepictedinfigure2. The
boundary-layervelocitycomponentsfoundinreference4 are

u = UoF~(q) (2a)

where F satisfiesthewell-knownBlasiusequation

m’ + 21?”=o (2b)

(3a]

where Pi satisfiestheordinarydifferentialequation

F’q
P~+~- iFtPi+ i = O (3b)

withtheboundaryconditions .-—

(4a)

lim Pi(q)!=1 (4b)
V+.

Numericalsolutionsof equations(31)wereobtainedandtabulatedin
reference4 forvaluesof i from1 to 10. Thussolutionsforthe
boundary-layerflowcanbe obtainedforanymainstreamlineshapethat
canbe reasonablyapproximatedby polynomialsup totheeleventhorder.

Thex-,z-coordinatesofa givenboundary-layerstreamline,identi-
fiedby a corresmndingconstantK,maybe representedby

K
‘= [F(q)]2

and

m x
z=

XJ
a~iJi(n)dx + Z.

i=o X()

(5a)

(5b)
“

.
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where

*

(Ji islikewise

.Cn
m
-+
-,4

Theresults
4 to predictthe
channelforboth

‘iJi=~

tabulatedti””ref.4) and

3

(6a)

(6b]

ofthistheoreticalanalysiswereemployedinreference
cross-channelboundary-layerflowina two-dimensional
thick-andthin-boundsry-layerflows;Theseboundary-“

layeroverturningswerethencheckedexperimentally.Thecloseagreement
thatwasobtainedbetweenthetheoreticalandtheexperfientalboundary-,
layeroverturningsindicatesthatthetheoreticalassumptionsmaybe con-
sideredreasonableforthecasesconsideredby thislaminarcross-channel
flowtheory.Accordingly,thisclassof flows,forwhichthemainstream
canbe representedby approximatingpolynomials,isusedherein investi-

.!d gatingtheinfluenceofmainstreamlineconfigurationsonboundary-layer-
behavior.

3
Y Thepresentinvestigationisan extensionofreference4 anddevelops
E ananalysisthatpermitsa moredetailedunderstandingoftheboundary-

layerbehaviorastheboundarylayerpassesthrougha flowconfiguration.
Inparticular,theanalysismakesitpossibleto determinethepositiog
ofa boundary-layerparticleat anygiventimeafteritleavestheleading
edge. Thus,forexample,thesubsequenthistoryofparticlesarrayedin”
a linenormalto thesurfaceattheleadingedgecanbe determined,and
thecurves(skewedprofiles)formedby theinstantaneousPositionsofthe
particlescanbe tracedout.”Tablesareprovidedforrapidcalculations
ofthesepropertiesoftheboundary-layerflowundermainstreamline
shapesthatcanbe approximatedby third-orderpolynomials. .-

Forviscous-flowproblems,ingeneral,whereitis importanttoknow
thelengthoftimetheparticlesremainnearthesurface,thetablesmake —

possiblerapidcalculationofthethrough-flowtiiuesof particlesfora
givenconfiguration.

SYMBOLS

ai cmstants,coefficientsof polynomialsinpowersof x

F,F(~) Blasiusfunction
“
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I(q)

i

Ji,J@

K

k

m

Pi,Pi(~)

t

u,w

U()

u,v,w

X,y,z

X()

AX

Z()

n

~K

v
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J85 (eq.(22))

l-l

constant,i = 0}112) . . . m

qn 1
functionof q,Ji(v)=-~

constantof integrationforstreamequationinx,y-plane

constant

constant

m
functionof q,w = z aixipi(n)

i=o

time

mainstream.velocitycomponentsinx- andz-directions,
respectively

minstreamaxial-velocitycomponent

boundary-layervelocitycomponentsinthex-,y-,andz-
directions,respectively

rectangularcoordinates

constant

initialaxiallocationof
leadingedge

constant

boundafy-layer

6Uo
similarityvariable}q = Y z

valueof q definingfinalposition
layer

coefficientofkinematicviscosity

pa~ticle nearthe
—.—

ofparticleinboundary
—



I?ACATN 3840

. Subscripts:

K finalpositionofboundary-layerparticle4

xl exitvalue

Ax initialpositionnearleadingedge

1 exit

Superscripts:

* denotesdivisionby‘o

EYimesdenotedifferentiationwithrespectto q

-J-

BOUNDARY-LAYERSKEWED-PROFILEANAIYSIS

Fora mainflowwhosestreamlinetranslatesaredescribedby

a~x2 #.#m+l
z =constant+a~x+~ +. . .+= (7)

boundary-layerstreamlinescanbe determinedfromequations(5)corre- .
spendingtovariousinitialpositionsintheboundarylayer.As an
example,severalboundary-layerstreamlinesme plottedinfig~e 3
(fig.5,ref.4) fora mainstreamflowrepresentedby

X2 X4 X6
.-

Z = constant+ ~ + ~ + ~

Figure3 showsthefamiliarprogressiveincreaseinoverturningthrough
theboundarylayer.Thereisno indicationinfQure 3,however,(or
inref.4) howfarmainstreamandboundary-layerparticlesthatstart
simultaneouslyfromtheleadingedgetravelalongtheirrespectivepaths
ina givenintervaloftime t. Thepresentinvestigationextendsthe
analysisto comparetherelativepositionsof suchparticlesaftersuch
an intervaloftime. Fora numericalexampletheresultsof theanalysis
areappliedtothemain-flowcase z = X2 + k. Thecurvethatisthen
tiawnby connectingthefinal~sitionsoftheparticlesrepresentsa

.

.



6 NACATN3840

profileofthetraveloftheboundery-layerparticles.Theresidence .
time,thetimerequiredfora boundary-layerparticleto passthrougha
particularconfiguration,canlikewisebe computed. .

DerivationofEquations

Parametricrepresentationofa bountiy-layerstreaine.- Fora
givenboundary-layerstreamlinetherelation I

determinesx
equation(5a)

‘= [F(;)]2

= x(q)forallpointson
results in

-2Kax=~

Substitutionof equations (%),

IF

I
(5a) ;

thestreamline.Differentiating

FSdq (8)

(6), and (8) into equation (5b) yields .

J

~+1 q pi dv+zo
l#i+3 (9) *

no

where q. and q correspondto xo and x,respectively,alongthe
streamline.

.

ThedefinitionoftheBlasiussimilarityparameter

f
o

V=Y Z

andsubstitutionof equation(5a)give

Y=
{
& l!Q
U. F

(10}

(U)

.

.
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Fromequations(5a),(9),and(n) a givenboundary-layerstreamline.
isthusgivenintheparametricformas

* x = X(rIjK]

z = z(q,K)

Y= Y(TIjK)}

(12)

EOundary-layerparticlesat time t. - Becausetheprojectionof a
boundary-layerstreamlinein thex,y-planeisdeterminedfromthewell-
knownBlasiustwo-dimensionalboundary-layerdevelopment(ref.4),at-
tentionhereisdirectedtotheprojectionof thestreamlinein the
x,z-plane.Inparticular,fora particlein theboundarylayerthat,
startingfromtheleadingedge,hasreachedan axialpositionx, equa-
tion(5a)determinesq correspondingtotheaxialpositionx and
because70 approachesinfinityattheleadingedge,equation(9)

becomes

For q ~ 8,goodapproximationsto F(q)and

F(q)= q - 1.72077

pi(v) = 1.00000

Equation(13)canthenbewritten

<13)

pi(q) me, respectively,

(14a)

(14b)

1

L
— a

lasttermyields

(15)

Integrationofthe -.

m

I

8

x
Pi

z = Zapi+l —
‘q + (2i+2)(6t27923)2i+2

+ Zo
i=O

F2i+3
7

—-

—

(16)
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Considernowseveralparticlesallat z = ZO butat
boundary-layerheights(arangeof K). Alltheparticles

NACATN3840

varying .
leavethe

leadingedgesimultaneously.Inorderto comparetherelativepositions
(x,z)oftheseparticlesaftersometimeintervalt-,itwillbeneces- P

saryto determine~ = ~K attime t correspondingto eachboundary-
l~er streamlineK, andthentoevaluateequations(5a)and(16).

Determinationof ~K.- Considera particleinthemainflowwhich
hasttiavtillecito a point(Xl,Zl).Themainstreamparticlehasa constant..
axialvelocitycomponentUo. Therefore,the
theleadingedgeto (X1,Z1)isS~P~

t
‘1.%

frQM
NextcQ?3Sidera w?ticle in theboundary
the leadingedge fora time t. AIonga

ax—=
dt u = U@’(q)

f3ubatituting RPQIU equation (8]gives

and, therefcwe,

timetakento travelfrom

--

(17)

layerthathastravelled
boundary-layerstreamline

(18) -

4.

(19)
—

(20)

Awm$ng that the particles in the mainstreamandin the boundary
layer 6tart simultaneously and bothtravelfora time t,thenthevalue
Qrll=?K aasgciatedwiththepsrticleattheendofthattimecanbe

determined(frcuneqs.(20)and(17))asthesolutiontotheintegral
equ@$Qn

2K

f

“q=xl
TF

(21) . _

.



NACATN 3840 9

Makinguseagainoftheapproxii.iiation(14a),qK canbe determinedfrom

.

f

8
‘1I(q)= ‘=—-

1$ 2K 2(6.2;923)2
l-l

(22)

Boundary-layervelocitiesattime t. - Once qK hasbeenobtained
mm fora boundary-layerparticleona particularstreamline,thevelocity
A+ componentsarereadilyestablishedas fUnCtiOn8 of ~@

u= UOF%’lK) (23a)

Fromequations(2b),(5a),and(6b)

FYomreference(4)

1
<

Vuo
v =-2 ~ (qF’- F)

Substitutionof equation(5a)intoequation(2c)gives

(23b)

(23c)

Tables

TheintegralI(q)hasbeencomputedf~ a rangeof q from8.0to
0.05,andthevaluesarepresentedintableI. Thecomputationtinsdone
by n%ericalintegrationusingthetrapezoidalruleforintervalsof
correspondingto the
thetable.

Theexpression
.

useinequation(16)
. ~ from8.Oto 0.05.

intervalsbetweentheconsecutivevaluesof ~

J8
Pi
#i+3d’1+ (2i+2)(6t27923)2i+2‘equired

7

i:

for

hasbeenevaluatedfor i = 1,2,3 fora rangeof
Theresultsarepresentedin~ableII. Itmaybe
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‘i &. -

observedthatforvaluesof i > 3 at smallq thequantity—

( )

F2i+3
‘3comesverylarge ~ = 0.05,— n 3.8x102gwhilethequantityKi+l M
~9

((eq. (16))becomesverysmallfromeq.(22),for i = 3 when ~ = 0.05,
\

K+- ‘: ) .
Thesefactorscombineto restrictthepracticalrangeof

2.4x1035●
i (andhencetheorderoftheapproximatingpolynomial(eq.(%)) that 4
maybe used.Moreaccuratevaluesof F(q)thanaregenerallyavailable
wererequiredforthesecomputations.AccorMngl.y,thesevalues are
likewisepresentedintableI.

MunericalExample —

Themethoddescribedhasbeenappliedtothecase-ofmainstreamflow
definedby

z=x2+k
g

fromtheleadingedgeto xl= 1/2,correspondingto 45°turning(fig.4). ●

Thecomputingprocedureisoutlinedbrieflyin thefofiotingparagraphs:

Evaluatetherightsideof equation(22)for xl= 1/2,

l(@ ‘+K-Z(6 2~CJ2ZJ)2–. (24)

for a rangeofvaluesof K. Inthisnumericalexamplevaluesof
K= 19,10,1,0.5,0.4,0.3,0.2)0.1)o*09#0*07)o~05)o.~) 0“005)
0.0005,0.0003,and 0.0002 werechosen.Foreachvalueof I(~K))find
thevalueof ~ = 7K intableI.

Forthisexample,equation(7)requiresthat

m= 1

a~=()

a~=2 }

(25)

..

.
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. Thex-,z-coordinatesfortheparticlesintheboundary
mainstreamparticleisat xl maynowbe obtainedfrom

. and(16)which,forthisexample,become

mmt-ld+

Thecoordinatesoftheboundary-layerparticlesat

whenthemainstreamparticlereachestheaxialposition

SL

layerswhenthe
equations(5a)

(26)

(27)

‘1the time t =—Uo
xl = 0.5 have

beencomputedfromequations(26),(27),andtableII;andtheresultsare
plottedinfigure5,asa boundary-layerprofilecurveprojectedonthe
surface.Figure6 illustratesthattheskewedprofileisactuallya

Ai three-dimensionalcurvein space.
8Q
y- DISCUSSION
ua

SkewedBoundary-LayerProfile

Itmaybe observedinfigures5 and6 howfluidparticlesthatwere
allarrayedina linenormalto thesurfaceattheinlethavefannedout
to forma twistedcurve(skewedprofile)aftera timeintervalt. A
mainstreamflowpathandthelimitingboundary-layerposition(lineof
maximumflowdeflectiondirectlyonthesurface)arelikewiseshownin
figures5 and6 forcomparison.Itis interestingto notethatthe
boundary-layerparticlesonthestreamlinesdesignated.by K = 1,0.5,
0.4,and0.3 haveactuallytravelledfartherinthez-directionthan
havemainstreamparticlesinthesame,periodofthe. Thisindicates
thatthetangentialcomponentofvelocityintheboundarylayercanand

.—,

doessurpassthetangentialvelocityinthemainstreamoverhead.This
phenomenonislikewisenotedinreference4.

Thevelocitycomponentsofa particleintheboundarylayerattime
t maybe determinedlyequations(23).

.

.
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Forsuch
uniformityin
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ResidenceTimeofParticlesinBoundaryLayer .

mainstreamflowsas are.beingconsideredherewithflow
thez-directionandconstantaxialvelocityUo,thetime *

requiredfora boundary-layerparticletopassthrougha givenconfigura-
tion(residencetime)dependsonlyupontheaxialvelocityUo,theaxial
lengthoftheconfiguration,andthe q positionoftheparticleinthe
boundarylayer.Theresidencetimemaybe calculatedreadilyby theuse
of I(v),evaluatedintableI. #

Fromequations(20)
particleisexpressedas
configuration,

This
ofa

L
u

and(14]theresidencetimeofa boundary-layer a
a functionof q at xl,theexitofthe

(28)

L J

maybe expressedforconvenienceastheratiooftheresidencetime
bohdsxy-iayerparticleto the

equation(17):

%oundarylayer 2K=—
‘mainstream xl

residencetimeof’”themainflowu6i~”” -

r8 q 1I&+2(6.2t923)2h-

.

(29)

L1U T]x J
EqUations(28)and(29)findtheresidence-timeintermsof the TI Posi-
tionattheexit Xl. Itmaybe convenientto determinetheresidence
timesofparticlesin.termsoftheirpositionsintheboundarylayerat
theinlet.However,~ isnotproperly
Nevertheless,theresidencetimecanbe
given v intheboundarylayerat some
leadingedge.Fromequation(5a)fora

definedattheleadingedge.-
calculatedfora particleatany
axialpositionAx

—
closetothe

givenstreamline

(30)

Theresidencetimefora boundary-layerparticleat agiven q nearthe
leadingedgemaythenbecomputedbyfirstusingequations(5a)and(30)
andthe F tables(ref.4)to find qxl andthenusingtableI for
valuesof I(v)toevaluateequations(28)or (29).In thepresentnumer- “
icalexample,fortheboundary-layerstreamlinescorrespondingto q = 6.4,
4.8,3.2,and1.6at AX = 0.01(fig.3),theratiosof theboundarylayer - ““
tomainstreamthrough-flowtimesare1.069,1.577,2.148,and4.105,
respectively.
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CONCLUDINGREMAFK3

An analysisispresentedthatdescribesthepositionsof individual
particlesat varioustimeintervalsinthethree-dimensionalincompressible
laminarboundarylayerdevelopedon a flat(orslightlycurved)surface -
undera mainflowof streamlinetranslateswithconstantaxialvelocity.
Boundary-layerparticlesarrayednormaltothesurfaceneartheinletare
foundtofanoutforminga skewedcurve.Tablesarepresentedwhich .

facilitaterapidcalculationof detailedboundary-layerinformation’”-k~r-”“’-
mainstreamlinesthatcanbe describedby third-orderpolynomials.A
numericalexampleformainflow

z =x 2 +k

iscomputedfordemonstrationpurposes.Theprofilecurveofthisexam-
pleillustratesa caseinwhichtangentialvelocitycomponentsinthe
boundarylayerexceedthoseofthelocalmainstream(similarlynoted
inref.4).

Forviscous-flowproblemswhereit is importantto knowtheduration
oftimea particleremainsnearthesurface,useofthetablesmakesit

. possibleto determinequicklytheresidencetimeofthechosenp5rticTe
fora givenflowconfiguration.Theresidencetimecanbe computedeither
intermsofthefinalboundary-layerheightof a particleattheexitof. theflowconfigurationor intermsof itsinitialposition.Forthe
main-flowcase z = X2+ k witha turningof 45°,theresidencetimes
of particlesatpositionscorrespondinginitiallyto q = 6.4,4.8,3.2,
and1.6(nearlymainstream,3/4,1/2,and1/4boundary-layerheight)
respectively)were1.069,1.577,2.148,and4.105timesthe mainstream
residencetime,respectively.

LewisFlightPropulsionLaboratory
NationalAdvisoryCommitteeforAeronautics

Cleveland,Ohio,August14,1956
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l-l F I(q) n F I(q) q F I(q)

8.0 6.279230 4.3 2.59499 0.0622121.805.29521x10-12.58098
7.9 6.17923 .060281,1.755.0SL38X10-12.94800
7.86.07924 .0750981.704.73472X10-13.38217
7.75.97924 .0013046,4.0 2.30576 .0827861.654.46530X10-13.89851
7.65.87924 .0017847 3.9 2.21053 .091494L 60 4.20323xl&14.51596
7.55.77924 .0022898 3.8 2.11604 .10140 1.553.94857xW1 5.25871
7.45.67924 .0028218 3.7 2.02234 .11272 1.503.7o140xlo-16.15778
7.35.57924 .0033827 3.6 1.92953 .12575,1.453.46180=&1 7.25337
7.2.5.47925.0039745 3.5 1.83771 .14074 1.403.22983xMY18.59798
7.15.37925 .0045997 3.4 1.74698 .15818 1.353.00556X10-11.02608XL0
7.05.27926 .0052607 3.3 1.65739 .17854 1.302.78904X10-11.23339X10
6.95.17927 .0059604 3.2 1.56910 .20246 1.252.58034x10-11.49416X10
6.85.07928 .0067019 3.1 1.48221 .23076 1.202.37950X10-11.82524=0
6.74.97929 .0074885 3.0 1.39682 .26446 1.152.18658X2.0-12.24992X10
6.64.87931 .0083239 2.951.35472 .28369 1.102.C0161X10-12.80080X10
6.5~,77933 .0092123,2.901.31304 .30479 1.051.82465)U0-13.52415)CL0
6.44.67937 .010158 2.851.27179 .32799 1.001.65573xlo-l4.48652xlO
6.34.57942 .01.1167 2.801.23098 .35354 .951.49488X10-15.78558X10
6.24.47947 .012244 2.751.19064 .38176 .901.34214X10-17.56820x10
6.14.37955 .013395 2.701.15077 .41297 .851.19753xlo-lLO0586Xl~
6.04.27964 .014628 2.651.IU39 .44759 .801.06109xlo-l1.36066x1O:
5.94.17975 .015951 2.601.07251 .48606 .759.32828X10-21.87790x10’
5.84.07990 .017372 2.551.03415 .52893 .708.12774x10-22.65149x1O:
5.73.98007 .018901 2.509.96316X10-1.576S2 .657.00942M_0-23.84315x10L
5.63.88031 .020550 2.459.59027X10-1.63044 .605.9735CM0-25.74242x10~
5.53.78059 .022331 i2.409.22295X10-1.69064

I
.555.02008x10-28.89168x10Z

5.43.68093 .024259 2.358.86133X10-1.75844 .504.14930xlo-21.43684x1$
5.33.58136 .026350 ‘2.308.50554X10-1.83509 .453.36125x10-22.44530x.M:
5.23.48188 .028623 2.258.15571X10-1.92171 .402s6560Qx10-24.43775X1$
5.13.38252 .031.100 2.207.81197x10-11.02024 .352.03362)U0-28.74268x1$
5.03.28329 .033804 2.157.4744Aawl 1.13255 .301.49415xlo-21.92098x104
4.93.18422 .036766 2.107.14324X10-11.26101 .251.03764x10-24.90674x104
4.83.08533 .040017 2.056.81848X1O-11.40646 .206.64104x10-31.566UWY
4.72.98667 .043596 2.006.50028X10-11.57834 .153.73563%10-37.20522x1$
4.62.88826 .047548 1.956.18874x10-11.77484 .101.66029%L0-36.66403x10~
4.52.79015 .051925 1.905.88399x10-12.00303 .054.15074)U0-43.49557xlo~
4.42.69237 .056789 1.855.58611Xl&12.26918
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- “1 + (2t + 2)(6y27923)2iA

—

~

6.0
7.9
7.6
7.7
1.6
7.5
7.4
7.3
7.2
7.1
7.0
5.9
5.8
5.7
3.6
3.5
5.4

E
;.1
S.0
j,’d
5.0
5.7

j.#
;.5
;.4
;..3
i.2
i.1

1

i.0
k,9
:.a
,.7
,.6
!.5
,.4

i-l 1=2 I-3

1.60610K10-42.7mcm-6 5.17I97X104
1.71WX1O-4 2.99427-x1o-65.83212X104
1.EW54X1O-4 3.30257X1O4 6.70368x10-~
1.956U3X10-43.64853x10-67.65644x10-E
2.CW79X10-4 4.O3748X1O4 .9.76406xlQ-E
2.24=sx10-4 4.47564X1O-61.OW5IX1O-J
2.40372x10-44.27oMx1o-6 1.156,36X10-i
2.560%sm-4 5.52900xI0-61.3mgyJl)-~
2.774sx10-4 6.16420x10-61.54m7xlo-7
2.2a5awo-4 6.66521Xl&6 1.7j35glxlo-7

3.21921X10-47.70648xlo4 2.m7546xl&7
3.47582X1O-48.64422X10-82.41690X2.O-7
3.766OW1O-4 9.n776xlo-6 2.82755XI.0-7
4.O6837.X1O-41.Owolxlo+ 3.~551xJ&7
4.41352X1O-41.25687X10-53.9C027X10-7
4.794SU1O-4 1.4rKJ64xlo-s4.50364x10-7
5.2EWIX10-4 1.59026X1O-55.45296X1C3-7
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